Abstract. In part 1, a construction of Rips is modified so that it produces a CAT(−1) group instead of a small-cancellation group. Thus, many of the applications of Rips' construction to small-cancellation groups may be applied to CAT(−1) groups as well. Part 2 offers a simple way of producing incoherent groups.
Introduction
Given a finitely presented group Q, a construction of Rips' [10] provides a short exact sequence
where G is a finitely presented small-cancellation group and N is a finitely generated normal subgroup, generated by two elements of G.
Applications of Rips' construction generally involve lifting some property (usually a 'subgroup pathology') from an arbitrary (usually finitely presented) group Q to the small-cancellation group G. For instance, in [10] Rips uses his construction to show that there are examples of small-cancellation groups that do not have the finitely generated intersection property. In [3] , Rips' construction is used to show that various problems about small-cancellation groups are recursively unsolvable. In [2] , Rips' construction is used to find Automatic groups with non-Automatic finitely-presented subgroups.
A group is said to be coherent [12] if every finitely generated subgroup is finitely presented. The question of whether or not C(8) small-cancellation groups are coherent was resolved negatively by Rips using his construction [10] . The main objective of this paper is to answer a question of Gersten's [7] , who asked if fundamental groups of negatively curved 2-complexes are coherent. Parts 1 and 2 of this paper provide methods for constructing incoherent negatively curved groups.
In part 1 of this paper, I provide a construction similar to that of Rips, but in which G is the fundamental group of a compact negatively curved 2-complex instead of a small-cancellation group.
Theorem: Adapted Rips construction.
Let Q be a finitely presented group. Then there exists a group G which is the fundamental group of a compact negatively curved 2-complex and a finitely generated normal subgroup N G such that G/N ∼ = Q.
It should be mentioned that the 2-complexes corresponding to Rips' construction do not admit metrics of negative curvature. This construction also differs from that of Rips' in the number of generators of N . While Rips' normal subgroup N is generated by only 2 elements of G, the normal subgroup N of this paper is generated by many elements of G, and the number of such generators grows with the length of the presentation for Q. Allowing N to be generated by many elements instead of just 2, makes it easier to accomodate the somewhat stricter negative curvature condition.
Thus, the applications of Rips' construction in [2] , [3] , and [10] mentioned above may be extended to finding examples of fundamental groups of compact negatively curved 2-complexes (or where appropriate, non-positively curved complexes) exhibiting the various pathologies. For example, Corollary 1.5 provides certain pathological examples of negatively curved groups analogous to the pathological examples of small-cancellation groups given in [10] . In particular, it is shown how to construct an incoherent negatively curved group.
In part 2 of this paper, I provide a different method, which is more geometric, for constructing incoherent finitely presented groups (see Theorem 2.1). The essential idea is to build a group in such a way that it contains a finitely generated subgroup with (an easily determined) infinitely generated H 2 . This method is somewhat more transparent than that of using Rips' construction and I hope that it sheds some more light on incoherent groups.
Using this method, I provide an easy example of a compact negatively curved 2-complex with incoherent fundamental group. Note, that while the method of part 1 yields a plethora of such examples, they are all quite complicated.
It is worth mentioning that it is easy to give examples of compact non-positively curved 2-complexes with incoherent fundamental group. Indeed, F 2 × F 2 , the product of two free groups of rank 2, is incoherent, and is the fundamental group of a non-positively curved squared complex. See also [4] .
The class of coherent groups is not very well understood. It includes certain small groups, like finite groups and nilpotent groups. Scott [11] proved that it includes all 3-manifold groups. Serre asks whether SL 3 (Z) is coherent. It is also asked [1] whether 1-relator groups are coherent. Note that Example 2.3 is a 2-relator group which is incoherent. Proof. Consider the sequence
In general, define Σ J to be the following word:
It is easy to see that
Furthermore, it is easy to see that Σ J has no repetitions of a 2-letter subword.
Theorem: Adapted Rips construction. Let Q be a finitely presented group. Then there exists a group G which is the fundamental group of a compact negatively curved 2-complex and a finitely generated normal subgroup
Proof. Let Q be presented by
We will assume that each of the relators is a reduced word. Following Rips' construction, we wish to choose a presentation for G of the form
where W ij± and W k are positive words of length 14 and 2 R k + 8, respectively, in the X J letters, as will be described below. Also, we will postpone our choice of J and thus the number of additional generators, until after it is motivated below. Note that we use the notation b a = aba −1 to denote conjugation by a. One sees immediately that the finitely generated subgroup N = X J is a normal subgroup of G, and furthermore G/N ∼ = Q.
We wish to show that with the appropriate choices, the standard 2-complex of the above presentation for G will have a metric of negative curvature. In order to motivate the choices of W ij± and W k we consider the diagrams of Figure 1 . We have divided the polygons in Figure 1 , corresponding to the relations of the presentation of G, into pentagons.
If we were to metrize each of these pentagons as a regular hyperbolic pentagon with angle π 2 , then any corner of our polygons containing a q-edge would have angle π. This greatly simplifies what must be verified in order for the link condition (see [6] , [8] ) to be satisfied. Since we have assumed above that the words R i are reduced, there is no corner with label q i q −1 i . Therefore any cycle of corners containing some black (i.e., q-labelled) edge must have total angle sum ≥ 2π. Thus it is sufficient to consider sequences of corners not containing any black edges. 
Because we chose the words W ij± and W k to be positive, the all-white (i.e., containing only x-labelled edges) corners have labels which are of the form x j x h (or of the form x
It is easy to see that any all-white cycle must have even length. However, since any corner has angle ≥ π 2 , it is sufficient to demand that there be no such cycles of length 2, that is, no two corners have the same x j x h label. In other words, we need only choose the set of words
Finally, we choose J to be an integer large enough so that J 2 exceeds the total length of the 2IJ distinct W ij± words of length 14, and the K distinct W k words each of length 2 R k + 8. So
It now follows from the lemma that there is a (positive) word Σ J in {x 1 , . . . , x J } whose length is J 2 and which has no 2-letter repetitions. Because of equation (1), we see that Σ J is long enough so that Σ J can be chopped up into a set of words {W 1 , . . . , W k , W 11+ , W 11− , . . . , W IJ+ , W IJ− } which again has no 2-letter repetitions.
Remark.
One is tempted to subdivide the polygons of the complex constructed above into pentagons as suggested by the diagrams. The derived complex obviously satisfies the small cancellation conditions C(5) − T (4). In fact, it is not difficult to show, that for any large n and m, one can produce a group G, designed to fit into the exact sequence above, so that G is π 1 of a negatively curved 2-complex formed from regular hyperbolic n-gons with angle 2π m . To do this, one chooses Σ J to satisfy the T (m) condition, and one subdivides the polygons of Figure 1 into n-gons in a slightly more complicated fashion -making sure that there are at least m n-gons meeting at each vertex incident with a black edge.
Following Rips, we have the following corollary of Theorem 1.3:
Corollary. For suitable Q, we obtain a group G which is the fundamental group of a negatively curved 2-complex such that:
(1) There are finitely generated subgroups H 1 and H 2 of G such that H 1 ∩ H 2 is not finitely generated.
The generalized word problem in G is not solvable.
Proof. We repeat the proofs given in [10] . Let φ denote the quotient map G → Q of Theorem 1.3. Note that if K = k 1 , . . . , k s is a finitely generated subgroup of Q, then its preimage in G, H = φ −1 (K), is also finitely generated. Indeed, H = h 1 , . . . , h s , x 1 , . . . , x J where for each i, φ(h i ) = k i .
(1) Let Q be a finitely presented group with a pair of finitely generated subgroups K 1 and K 2 whose intersection K 1 ∩ K 2 is not finitely generated. Let
. Then H 1 and H 2 are finitely generated subgroups of G, but H 1 ∩ H 2 is infinitely generated because φ(
(2) Let Q be a finitely presented incoherent group; then G is incoherent. This is because if K ⊂ Q is a finitely generated subgroup which is not finitely presented, then H = φ −1 (K) is finitely generated but not finitely presented because H/N ∼ = K. (3) Let Q be a finitely presented group with unsolvable word problem; then the generalized word problem for G with respect to N is not solvable. This is because an algorithm which decides whether or not an element of G is an element of N could be used to decide if an element of Q is trivial.
Remark.
There is another way of using Rips' construction (or the adapted Rips construction of Theorem 1.3) in order to produce incoherent groups. A theorem of Bieri [5] states that a finitely presented normal subgroup of a finitely presented group of cohomological dimension 2 is either free or of finite index. Since (torsionfree) small-cancellation groups (or negatively curved 2-complexes respectively) are of cohomological dimension 2 [9] , one may apply Bieri's theorem to the group G. It follows that if Q is infinite, then either N is free or N is not finitely presented and so G is incoherent. In the case of Rips' construction, N is generated by exactly 2 generators so any (non-trivial) relation shows that N is not free, and such a relation is supplied easily. In the case of the adapted Rips construction of Theorem 1.3, it is not immediately obvious that in general N is not free, though this is easy to check in special cases.
Part 2: A recipe for incoherent finitely-presented groups
Consider the finite presentation
where W i and R are words in a Proof. LetX denote the cover of X corresponding to the subgroup A ⊂ G. Let B ⊂ X denote the subcomplex consisting of the 0-cell and the a j labelled 1-cells. LetB ⊂X denote the lift of B at the basepoint.
As X is a K(π, 1) space for G,X is a K(π, 1) space for A, so H 2 (A) = H 2 (X). Denote by r the 2-cell of X associated with the relation R = 1. For each integer n ≥ 0 we will form a combinatorial disc-diagram D n mapped into X. Each disc-diagram in our sequence will have the property that ∂D n is mapped into B.
This sequence of disc-diagrams corresponds to a sequence of relations among the generators of A. The idea of the proof is to use the sequence of 2-chains corresponding to the lifts of the D n to show that H 2 (X) has infinite rank.
D 0 is the obvious disc-diagram corresponding to the 2-cell r. For each n, D n+1 is an extension of D n by an annulus which is mapped into X − r. This annulus has width one and is composed of 2-cells corresponding to the a t i = W i relations joined along t-edges.
To be more explicit, let M denote the free monoid on {a
In this notation the label of ∂D n beginning at the basepoint of D n is τ n (R) ∈ M .
For each n we orient D n and lift it toD n ⊂X, thus obtaining in an obvious manner an element d n ∈ C 2 (X) of the 2-chain-complex ofX.
Since the boundary of each D n diagram is mapped to B ⊂ X, it is true that the boundary of eachD n is mapped toB. Therefore for each n we have
Observe that the image of t ∈ G has infinite order in the natural homomorphism G → G/ A ∼ = Z. It follows that for n = 1, t n ∈ A, so the paths inX beginning at the basepoint and labelled by t n all have distinct endpoints. Note that the r-labelled 2-cell at the center of each disc-diagram D n is connected to the basepoint of D n by a path labeled by t n . It follows that the r-labelled 2-cells at the centers of distinct D n diagrams lift to distinct r-labelled 2-cells inX.
It is then easy to see that the set of 2-chains {d n | n ≥ 0} ⊂ C 2 (X) forms a basis for the submodule that it generates.
It follows from equation (2) that ∂ maps this infinite rank submodule of C 2 (X) to the finite rank (actually rank m) submodule C 1 (B) ⊂ C 1 (X). The kernel of ∂ restricted to this infinite rank submodule must be of infinite rank. Therefore H 2 (X) must be of infinite rank as well.
Example:
An incoherent small-cancellation group. It is easy to construct examples of presentations with the form of Theorem 2.1 which are smallcancellation presentations (without torsion), and therefore aspherical [9] The presentation above satisfies the C(6) small cancellation condition and so is aspherical. A 2-relator presentation may be obtained by using the substitution b = a −10 a t a −10 , followed by a Tietze transformation eliminating the generator b and the relator a t = a 10 ba 10 . Substantially less complicated incoherent 2-relator examples could be formed using the same idea, but proving that the presentation in the first step is aspherical is more difficult.
Example: Incoherent negatively curved.
Here is an example of a negatively curved 2-complex which is of the desired form. Metrize each 2-cell of the standard complex of a 1 , . . . , a 7 , t | a 7 a 6 a 5 a 4 a 3 a 2 a 1 , a t i = a i a i a i+1 a i+3 (coefficients mod 7) as a regular hyperbolic heptagon with angles 2π 3 . One must only check that the presentation has no pieces of length 2 in the sense of Lyndon (see [9] ). This means that no subword of length 2 appears more than once among the cyclic conjugates of the relators and their inverses.
